MAPPING FOR ELLIPTIC EQUATIONS

BY
J. J. GERGEN AND F. G. DRESSEL

1. Introduction. We consider in this paper the problem of extending the
Riemann mapping theorem to equations of the form

(1.1) at; + Buy = vy, YUy + Sy = — v,

where the coefficients «, 3, v, 6 are real functions of (x, y) satisfying 0<e,
0 <ad— (B+v)2/4. The final result obtained is stated in the following theorem.

THEOREM 1. Let D* and T* be simple, closed, plane Jordan curves with
interiors D and T. Let 2V, 2P, 2® be distinct points on D*; and let ZV, Z®,
Z® pe distinct points on T* in the same order on T* as the points 2V, 22,
2 on D*. Let o, B, 7y, 6 be real bounded functions of class C' on D such that

(1.2) 0<a O<p<adb—(B+n7)Y4 (on D),
where u is a constant independent of (x, y). Then there exists a 1:1 and continu-
ous mapping X =u(x, y), Y=v(x, y) of D°=D+D* into T°=T+T*, which
carries D, D* zV 2@ 2® guto T, T*, ZW, ZD Z® which is of class C' on
D, and is such that
(1.3) 0 < %0y — Uy, (on D),
(1.4) ats + Buy, = vy, YU, + Uy = — v, (on D).
Our methods are based on the work of Morrey [10], and of the authors
in [6; 7]. The latter in turn is based on work of Douglas [3]. For con-

venience we refer to [6] as GD. We do not consider the uniqueness question.
To treat (1.1) we consider equations of the following two forms:

(1.5) an; + Bu, = vy, — Btz + auy, = — v,
where 0 <a, and
(1.6) atg + Puy, = vy, B+ duy = — v,

where 0 <a, ad—B32=1. In connection with (1.5) and (1.6) it is found con-
venient to introduce for study equations of the form

ki k hid k
1.7 2. Diktha = iy, 2 bisthy = — V.
k=1 k=1

Part I below is concerned with equations of this latter type. In Part II we
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use the results of Part I and a result of Morrey [10] to obtain an extension
of the Riemann theorem for the equations (1.5). The result obtained is a
generalization of the result obtained in GD for equations pu,=v,, pu, = —v,,
0 <p. In Part I1I we consider the equations (1.6) and (1.1). Equations of the
type (1.6) for the case of analytic coefficients and for the case of bounded
measurable coefficients are treated by Morrey [10]. Theorem I is established
in Part III on the basis of results given for (1.5) and (1.6). For references to
related work, see [1; 2; GD].
2. A lemma. We use complex variable notation. We write

z2= x4 1y = re¥, ¢ =&+ in = pe'?, Z=X+1iY,
where x, y, 7,0, - - -, ¥V are real and 0 =7, p. We write also
u(z) = u(x, ),  ua(3) = ua(x,9), etc

We fix @ as a positive number, and denote by S the interior of the circle S*
of radius @ about the origin as center. In general we use * for boundary and ¢
for closure. We introduce for convenience

DeFINITION 1. A function W(z) (real or complex) will be said to be of class
€ on an open set D if (i) it is continuous on D, and if (ii) there corresponds
to W a second function w(z2) such that, if R is any open rectangle (sides paral-
lel to axes) lying with boundary R* in D, then wE.L(R) and [r*W(2)dz
=4[ [rw(z)dxdy, where the integral on R* is taken in the positive sense. If
WEE(D), then we define

1
Wy(z) = lim — w($)ds,
n04. th* J ry* (2
where R;(z) is the square with vertices at z, z2-+4, z2+h+ih, z+ih, wherever
this limit exists.
In accordance with this definition, if W& E(D), then Wi« exists p.p. in D,
and we have

(2.1) fR‘ W(z)dz = iffRW*(z)dxdy

for every open rectangle R such that R°CD.
We observe that, if W= U+¢V, where U and V are real, is of class C’ on
an open set D, then W& E(D) with Wy given everywhere in D by

(2.2) We=Waot iW,=Us— V, + iU, + V.).

In case U and V are A.C.T. (absolutely continuous in the Tonelli sense,
Morrey [10, p. 128]; Tonelli [11]) on D, then WEE(D) and Wy is given by
(2.2) p.p. in D. Real functions W for which (ii) holds are considered by Evans
[4; 5].
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The following lemma is basic for our analysis. The lemma is an extension
of one given by the authors in GD.

LEMMA 1. Let W= U+iVEE(S); and suppose that corresponding to each
t, 0<t<a, there are positive constants A =A(t) and T =71(t) such that, if lz| st
and 0 <h, then

@.3) [f  waiassame,
o(h,z)-S
where o (k, 2) is the interior of the circle of radius h about 3 as center. Put
1 ¢+ 2
®N(z) = — U($)ds +—- V($)ds
2wt jpime YT N ]

for Izl <t<a. Then lim,., ®©(z) =P(2) exists for z on S. The function P is
analytic on S, and we have

2.4 W = 6 + f fs [Ki(z, )Wa(6) + Ka(s OWa(t) 1dS:,

where Wx is the conjugate of Wx, and
Ki(z§) = 1/[20(z = 0], Ka(z, §) = 2/[2x(a® — )]

Proof. The proof follows the reasoning of [GD, pp. 188-189]. For a fixed
t, 0<t<a, put

H®() = W(z) — G (3)
W*(g') ZV_V*«')
W@“—ffs,[,_; t,_z?]ds: (5] =9,

where S;=0(¢, 0). The condition (2.3) implies that there are positive con-
stants A and 7 such that

w.
If WOl s carr @< sl s0.
,(,,,),g,elz—i'l

It follows that G®, and accordingly H®, is continuous on S;. Let R be any
open rectangle such that R°C.S,. Making use of (2.1) we obtain

]

H®dz = Wdz

2
ffm«[W*(f)f -t + Ws(0) e B ziizz?] dSy

= Wdz—if W,dS = 0.
R* R
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Thus H® is analytic in |z| <t. We have also 3[G®]=0 on |z| =¢. Hence
H® —®® =B, on Izl <t, where B, is a real constant. Reasoning as in [GD,
p. 189] we find that Bo=0. Hence W=®&®+G® in |z| <¢. Comparing G®
with the integral on the right in (2.4) we find that our conclusions hold.

Part I

3. Sets P. We assume in this part that m is a positive integer and, except
in Theorem 9, that pu(x, ¥) (G, k=1, 2, - - -, m) are functions having the
following properties.

(3.1) pjx is real and continuous on S° and has bounded, continuous first
partial derivatives on S.

(3.2) pjr=2ps; on S°.

(3.3) The form pjrxix* is positive definite for each (x, y) on Se.

In (3.1) and (3.2), j and & are free indices with values from 1 to m. In (3.3)
they are dummy indices indicating summation from 1 to m. These conven-
tions will be used throughout for j, k. We use the following:

DerinITION 2. If %7 is real and of class C’ on S, and if corresponding to
{ui]T there is a second sequence {v;}7 of real functions which are of class C’
on S and which with {«}} satisfy

k k
3.9 Pikths = Vjy,  Pikthy = — Vjs

on S, we shall say that the sequence {u" }'{' is of class P(p;) and write {u" }
EP(pir), or {ui} EP. If i€ C*(S°) and {ui} EP, we write {ui} &Pe.

The case m=1 is the p-harmonic case considered in GD. Our results in
this part are concerned largely with generalizations of the properties of p-
harmonic functions to sets P.

We observe that under the conditions imposed on the p i, the transforma-
tion pjrx* =x; has an inverse x7 = g?*x;, for each (x, y) on S¢, the coefficients g#*
likewise satisfying (3.1), (3.2), (3.3). We note also that there are positive
constants A, 4., such that

A127 () S pawizk < 4,3 (x7)?
j=1 ij=1
for (x, ¥) on S¢ and all x7 (x7 real).
4. Integral formula and first boundary-value problem. In this article we
derive the condition (4.2) for sets P, and consider the first boundary-value
problem for such sets. If f is real and continuous on S*, then H; denotes the

function determined by the following conditions:
(4.1) H,&C°(S°). H; is harmonic in S. H;=f on S*.

THEOREM 1 (INTEGRAL FORMULA). If {ui} € P°, then
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1
(4.2) pi(2)u*(z) = hi(z) + Z_ff [2i1e(O)ge(z §) + Piraga(z, ) u*()dS:
rJ Jg
(z S Sa)v
1
(4.3) ;kau,; = his— Yinath + gffs t?iktgts + Pikegaz] [“k ]ids{'
(z€S),

where hj=Hp,u, Yir = Hy,, and g is Green's function for S.

Proof. Let {v;}7 correspond to {#/}? in the sense of Definition 2. Then

= —v;+ippu*€C’(S), and we have, from (3.4), Wi=1ppsu*, which is
bounded on S. Making use of the continuity of %7 on S¢, and applying Lemma
1, we get

(4.4) vy ipaut = 4 i f f [Kipies — Koo J4%dSs
. S

for &S, where ®; is analytic and 3[®;]=%; on S. From (4.4) we get (4.2)
for 2ES, since gi=2mR[K1—Ka], g,= —273[K,+K,]. Using gg=g,=0 for
2ES*, {ES, we get (4.2) for zES*. From (4.2) we obtain

(4.5) | [ — hilit| < 4|z — 32| log 30/ |51 — 2| (81,2 € S°),

where A is independent of z;, 2. [In inequalities such as (4.5) when one or
both members fail to be defined for exceptional values of the variables, we
agree that the inequality holds for the values of the variables prescribed for
which both members are defined.] We infer that u7 satisfies a uniform Hélder
condition on each closed subset of S. This, and the relation

ipin(z) = ¥iu(s) + iffs [ix () Ka(z, §) — Pire($) Koz, D)]dS: (2 €9),

where ¥j; is analytic and 3 [\If,-;,] =y on S, lead to (4.3).

THEOREM 2 (SUFFICIENCY OF (4.2)). If u? is real, continuous and bounded
on S, and if

1
(4.6) piu* = h; + Effs [pirege + Dirngalu*dS;

for 2ES, where h; is harmonic in S and continuous on S, then {ui}EPe
when ! is defined on S* as u?=q’*h,.

Proof. We can define v; by (4.4) with &; analytic in S, R[®;(0)] =0, say,
and 3[®;]=h; on S. Using (4.6) we find that u satisfies a uniform Hélder
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condition on each closed subset of S. It follows readily that «’, v;&C’(S).
For zin S we have

. k k . k¢
— vzt 1Ppiths = Pjz — Vipaut + @ff [K1spire — KooBinx ][ ]:dSt.
S

These relations and the corresponding ones for the y-derivatives give (3.4)
in S. The conclusion of our theorem then follows on making use of the
boundedness of the %7 on S, and the relationship of the ¢ to the pj.

THEOREM 3 (FIRST BOUNDARY-VALUE PROBLEM). Given fi real and con-
tinuous on S*. There exists one and only one set of functions {ui}?, satisfying

4.7 {ui} € P;  wi=fionS*

These functions are given by
(4.8) w(z) = h'(z) + f f Ni(z, Ok (2)dS;
8

for 2ES, where hi=qi*hi, h;=H .+ and the N} are (i) independent of the fi, are
(ii) real and continuous for z, { €S, 2%, and (iii) satisfy
(4.9) | NiGs, )| = 4/]5— ¢ = ¢ €9).

We use a special case of the following lemma for the proof of the unique-
ness part.

LEMMA 2. Let wi€C'(S), and let {ui} EP. Write

J O [wi] =ffl Kt?ka'“’"V'lO"dS 0<t=a).
Then
(4.10) 79 [wi - ui] + 7% [u’] =J° [w'] + 2 | tp,-;,(ui — wi)ufds
| 0 <t <a).

Proof of Lemma 2. Denoting by {v,}T the set corresponding to {u}T,
we have

1
“4.11) p,v,u’: = Tvi" p,—kuok/r = — v 0 <| z[ < a).

These relations give
J(‘) [w1 _ u’] + J(‘) [u)]

- J(t)[wi] - Zf‘f[ I<t . [(w: - “3)”1’9._ (w: - u;)v;,]dS

4
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for 0<t<a. Now, if w&C’ on Izl <tand v&C"” on Izl =<t, then

1 1
f f — [w,99 — wen,]dS = — weds,
lsl<e T tJ s

as may be seen by two integrations by parts. Further, by approximating to
v with functions of class C”/, this equality is seen to hold also for v, w& ('’
on |z| <¢. We obtain then

JO[wi — ui] + JO[ui] = JO [wi] — % (w? — u?)vjeds,
|z|==t
which with (4.11) gives (4.10).

Proof of uniqueness part of Theorem 3. To prove the uniqueness part of
Theorem 3 it suffices to show that, if /=0 on S* and {4/} EP?, thenui=0
on S. Now under these hypotheses, #7 satisfies (4.5) on S¢ (with £;=0), whence
[(4.2) and (4.3)]

max | %i(2) I = O(7 log 3a/7) (t—a),
[z|=¢t
max | Vuf| = O(log 3a/7) (t—a),
1zl=t

where r=a—t. Applying Lemma 2 for the case w=0, we then get
J®[ui] = O(r log? 3a/7) = o(1) (t — a).

This gives J@® [47] =0, and accordingly #!=u?= - - . =4m=0o0n S.
Existence and representation. We consider the system of integral equations

(4.12) W@ = K@+ f f Li(s, Ou'c)ds; GES),
S

where the A7 are arbitrary known functions, real, bounded and continuous on
S, and

ik’

i 1
(4.13)  Li(z¢) = 29 (@) [prre(©)ge(z §) + prra(D)ga(z )] (B dummy).

Put z"={,=3an (=0, +1, - - -, +m). Denote by R’ the open disc lz—zfl
<@, and put R=R'+4 - - - 4+Rm™ The system (4.12) then is equivalent to
the system (cf. [8, pp. 359-360])

(4.14) w(z) = h(z) + A f f L MR € R)

under the relations
W) = K —2) ) = ' — ) € R),

4.15 ] i
(*.15) Lz, §) = Li(s — 5, ¢ — &) ceR,rerh.
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Now the function L(z, {) is real and continuous for z, {ER, z—{>z"

(n=0, +1, - - -, +(m—1)) and satisfies
m—1

(4.16) | Le =4 X 1/]z—¢ -5 (5 ¢ ER).
—m+1

We know in addition [Theorem 2 and uniqueness] that the system

u(s) = [ f,f‘z’ Ou(®)dRs € R)

possesses no solution, other than the trivial one, which is real, bounded, and
continuous on R. Put Ly=L and

Lz §) = f f,f G VLo, DdRy (e =1,2,-0).

We find that L, is continuous for 2, { ER, z—{#2" (n=0, +1, - - - , + (m—1)),
that

m—1
| Li(s, §)| S 4 30 log 3em/ |z — ¢ — z»|,
—m+1
and that the iterated kernels L;, L;, - + - are bounded and continuous for

2, {ER. In accordance with the account of the Fredholm theory given by
Kellogg [9, pp. 287-291, 294, 299-308], it then follows that the system (4.12)
for A\=1 has a unique solution which is real, bounded, and continuous on R.
This solution can be written

4.17) u(z) = h(z) + f fRN(z' £ h©)dR; zER),

where the resolvent N depends only upon L, is real and continuous for
2, {ER, z—{¢#2* (=0, +1, - - ., £(m—1)), and satisfies (4.16). Put

Ni(z ¢) = Nz + 25 ¢ + &%) @ ¢ € S).

Then N} depends only upon the L and satisfies (ii) and (iii). Further, under
(4.14), (4.17) is equivalent to

(4.18) W@ = K + f f Wi DS, ES).

We accordingly have shown that subject (only) to the condition that %7 is
real, bounded and continuous on S, the system (4.12) for A=1 has a unique
solution %!, %2, - - -, u™, with %/ real, bounded, and continuous on S, this
solution being given by (4.18). Taking the special case hi=g*h, h;j=H,,*,
our theorem follows.
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5. Maximum value principle and convergence. As an immediate corollary
of Theorem 3 we have

THEOREM 4 (MAXIMUM VALUE PRINCIPLE). There is a constant A (depend-
ing only upon the pu) such that, if {ui} EP, then
max max |#/(s)| £ A max max |%i(s)].
S €8
For the p-harmonic case (m =1) a proof of Theorem 4 is given in [GD,
p. 197] which is independent of integral equation theory. The authors have

been unable to extend this method to the general case.
The following theorem is important for its application.

THEOREM 5 (CONVERGENCE). Let the functions ui, u), pajr (n=1,2, - - +)
satisfy the following conditions:

(5.1) For each n, the pni satisfy (3.1), (3.2), and (3.3).

(5.2) paj—pjr uniformly on Se.

(5.3) Pnikz—Djkzy Pniky—>Piry boundedly on S.

(54) {1} EP(pus), {u7} EP().

(5.5) wi—ui boundedly on S*.
Then

(5.6) u,.—m" boundedly on S;

(5.7) uly—ul, ul,—ul boundedly on every closed subset of S.

The symbol — refers to the limiting process n— .
Proof. We first observe that, if w?, T are real, bounded, and continuous
on S, and if

o) = T'o + [ [ LiG, D' @)as, GES),
where the L] are defined by (4.13), then
T
(5.9 |wi)| s 7o +4 f [ lzf‘)ﬂ e S),

where 4 is independent of 2, w/, T7 and T({) =max; I T :(§)| . This result is a
consequence of the representation (4.18) of the solution of (4.12) for A=1.

Now define ¥, ¢, L with reference to pn; in the same manner as the
corresponding functions have been defined with reference to pu. Put h;
= H,uk, hi=gq"*h, and define k,;, k) similarly. We have for » fixed

5.9  u) =K@+ f f Lte, DSt ES),

(5.10)  pupts® = haje — Yasputs® + f f Lh. k@) — uk@]dS; @ €ES).
8
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Put

€x = bound sup f f | Liz ) = Lis, O | dS;
S

where the bound sup is taken for j, k=1, 2, - - -, m and 2&S. As a conse-
quence of the conditions imposed on the p; and p.j it is found that €,—0.
This is the key to the theorem. To show that the %] are uniformly bounded
on S, we write

m@=ﬁ@+ffummn—d@owmﬁ;
(5.11) §

-hﬁﬂﬂ@ﬁd@ﬁr @ ES),

and put 8, =bound sup.cs,; |uf,(z) [ . The sum of the first two terms in (5.11)
is then numerically less than A4 -+ 8,¢, where 4 does not depend on % or 3, 3&S.
Using (5.8) we then get

S A 4 bnen + A(A + 6n€n) =A+ Asnem

where A does not depend on . This gives 8, =0(1). Accordingly, the }, are
uniformly bounded on S. To obtain #},—u/, we write

P4 i ip koo
ol u—n+fLumm u*(0)ds; @ €ES),

where Ti=h,—hi+ [[s[Li— Li1ui(¥)dS; (2ES). We see that T;—0 bound-
edly on S. Putting T',.(2) =max; IT,’.(z)I and using (5.8) again we get

|l — '] < T+Aff lzn—(?l GES),

where A4 is independent of 2, j, n. From T,—0 boundedly on S, we then ob-
tain #,—ui on S. It remains to show that (5.7) holds. With the aid of (5.9)
and the boundedness of the u} we find that for any fixed ¢, 0<t<a,

| wh(ar) — wa(zs) | < 4| 21 — 22| log 30/ | 21 — 2] (|a], |22] =9,
where A does not depend on j, %, 21, 2;. This and §,=0(1) give
ki
f [Paireges + Poiragez][walidS:

G.12) " 7 F

—>ff [Piregez + Pitagns] [“k]fdsr
8

boundedly on Izl <t. We then obtain (5.7) from (5.10) and (5.12).
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6. Dirichlet and Douglas integrals. We derive next the minimal property
of sets P with reference to the (generalized) Dirichlet integral, and the in-
equalities relating the Dirichlet integral for sets P and the (generalized)
Douglas integral.

DerFinNITION 3. If 0w/ EC'(S), then

Jwi] = J[wi; pis] =ff piVwi-VwkdS
8
is the (generalized) Dirichlet integral for {w?}T. If w/E€C°(S*), then

2
ds,,ds.,

D[Wi] N %rfs' s* ig

is the (generalized) Douglas integral for {w"}’{‘.

wi(z1) — wi(a))

21 — %2

THEOREM 6 (MINIMUM OF J). Suppose that {ui} EP, that wi is real,
wiE C(S°), wEC'(S) and that ui and w coincide on S*. Then the Dirichlet
integral for {ui}T does not exceed the Dirichlet integral for {wi}7.

Proof. We show that the conditions prescribed for #7 and w’ imply

6.1) Jwi — wi] + J[ui] < J[wi].

From (6.1) the conclusion of our theorem follows.

Case 1. Suppose first that p; and /&€ C"(S*). Under these conditions,
hj=H,,.* and ¥ have bounded first partial derivatives on S. We find then
that pju* satisfies (4.5) on S. There results that #7 satisfies (4.5) on S. It
then follows that p;%; and accordingly #J is bounded on S. Making use of
Lemma 2 we get

J[wi — wi] + J[ui] = T[wil

for this case.
Case I1. Suppose next that w'&€ C’(S°). We approximate to p; and w?
by sequences {Pu:’k}f ) {w,’.}l” satisfying the following conditions:

(6.2 for psx: (5.1), (5.2), (5.3); paix € C"'(S9);
D for wi: w. €C" (S°); w,’., w,’.,, 'w,i,, tend to w’, w;, w,: boundedly on s’

Denoting by #}, the functions determined by

{4} EP(paie), w = )} on S,
we have by Case I
J['w,’, - u:t; pnik] + J[u:.; pnfk] = J[w;; Pnik]-

Now
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Pn jka,’; . V'w,’; — pjkaj -Vwk

boundedly on S, while

Pnikv(wi - u,’;) ~V(w: - u:), pnikvur’;'vu:
are non-negative and tend to

picV(wi — u?)-V(w* — u¥), pikVui-Vuk
on S. Thus, using Fatou’s lemma and Case I, we get
Jw' = o's pi] + T[u's pix] < lim inf J[wl — wl; pap] + lim inf J[uel: pos]

=< lim ian[wf.; Daik] = J['w,; pirl,

which is (6.1) for this case.

Case 111. Consider now the general case. If J[wi]=+ = there is nothing
to prove. Suppose then that J[wi]<+ . Select {t.}; so that 0<# <t
< -+, ta—1. Put wi(z) =wi(t,z). Then w,&C’(S°). Denoting by # the
functions determined by

{u,:} € ¢, u,’. = 'w," on S*,
we have as a consequence of Case II,
T[wn = wa] + T[] < J[ws].

Now, again, the limit inferior of the left-hand member of this inequality is
not less than J[wi—u#]+J[ui]. On the other hand, J[w}] can be written

J [w,’.] = f fl ’K‘"ap,-k(z/t,.)Vw"(z)~Vw"(z)dS.

We have for lzl <t.a _
0 < pin(z/tn) Vi(z) - Vak(z)

< 4,3 | vui) |* < %’p,-k(zw«wf(z) V),
1 1

which €L on S. For each z on S we have also
Pi(3/1n)Vwi(z) - Vwk(z) — piu(2) Vwi(z) - Vaor(z).

From Lebesgue’s theorem it then follows that J[w}]—J[w/]. We conclude
that (6.1) holds for the general case.

TrEOREM 7 (DOUGLAS INTEGRAL). If {ui} EPe, then the Douglas and
Dirichlet integrals for {ui}? satisfy

AD[ui] < J[ui] < 4.D[uf].
Proof. Put 4= H,i. Then
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AD[ui] —A,f Zlvm 4S <A1ffs > | vui|ids < T[ui],

8 j=1 =1
][u'] = ff pixVhi-Vh*S = Azf El Vhi 2dS A2D[u’]
7. Other conditions on the p;. We conclude this part with two theorems

in which other conditions are introduced for the p.

THEOREM 8 (SOLUTIONS OF CLASS C”'). If Pikz, Piky Satisfy a uniform Holder
condition on each closed subset of S, and if {ui} EP, then uiEC"(S).

Proof. Let {v,}l correspond to {u’} We can suppose that v;, ¢*& C’(S°).
The function W= —gi*v,+iu'&C’(S), and we have Wy = —gjv:. Applying
Lemma 1, we obtain

;o .
(7.1) W= W [ e = damas; GES),
S

where hi=H,. Now, if ¢&C"'(S°), v&C’(S°), two integrations by parts give

ffs [g:6y — gnge]vdS: = ffsg[qu‘ve — g, ]dS;.

By approximation, this relation is likewise seen to hold if ¢&C’(S°) and
v& C'(S°). Applying this result to (7.1) we then get

) . ) .
o = [ alal'on — amalas: =
) 27 3

We find then that #], %) satisfy uniform Hélder conditions on each closed
subset of S. From our Hélder conditions on pjrs, Py we then get that
[@*vrs— ¢tvsy | satisfies this condition. Accordingly, »#& C"'(S).

THEOREM 9 (WEAKER CONDITIONS FOR C’ SOLUTIONS). Suppose that jb;k,
ui, v; satisfy the following conditions.

(7.2) pik, Wi, v are real and A.C.T. on S.
(7.3) det | px| % 0 on S.

(7.4) Corresponding to every t, 0 <t<a, there are positive constants A = A (t)
and T =1(t) such that

ff | Vpin| dS < Anrte 0<h |z| <9.
(h,z) - 8¢°

(7.95) pats = Viy Dty = — Vis (p-p. on ).
Then ui, v;EC'(S) and satisfy (71.5) everywhere on S.
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Proof. We can suppose without loss of generality that u?, v;, ;& C°(S°),
that det |P,-k| #0 on S°¢, and that there is a 7, 0 <7, such that

(7.6) ff | Vpiu| dS < Abr+e (0< k3zES)
o (h,3)-8°

where A is independent of % and 2. Under these conditions on the p;, the
transformation p;:x*=x; has an inverse x?=g¢%"*x; for (x, y)E.S°, with ¢*
€C(S°), ¢* A.C.T. on S, and ¢’* satisfying (7.6). Consider the functions

W;= p,-ku" + 1v;, Wi= — q""vk + dui.
These functions are A.C.T. on S. For almost all points on S, we have

k i ik
Wix = pirx # Wy = — gx s

Thus W;x, W} satisfy the condition imposed on Wx in Lemma 1. Putting
hi=H,;, hj=H,, and applying Lemma 1, we get

1
v; = h; + —ff [piknge — Piregnlu*dSs (z€9),
7.7 S

. 1 " 4
u' =h — ;ff [gn g — ¢ g1]0sdS; (z € 5).
™ S

Now, if 2o is a point in S, then u’=u7(z,), v;=0 satisfy the conditions we
have imposed on %%, v;. Hence

0= ffs [pirage — iregalu*(20)dS: (zE€S9).
Making use of this relation and (7.7) we obtain
(7.8) [o;]% = [n)z + %ffs [pitnge — piregalun[u'10dS: (2 20 € 9).
Similarly,
a9 W= Bl o [ e - delibdis Gaes.

Define B(z) =max;: max [|Vpu|, |Vg#*|] at the points z in S where
Piker Piry, T, @ are defined. Then B satisfies (7.6) and we have

| bsla] = | [hill

(7.10) B() kot
+Alz_z°lffs (2= ¢[]¢ — 2] mf'x | [w ]'oldsh
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| Wl = 14715

(7.11) B(}) ¢
+A|z—zo|ffs Py max | [ox]e0| dS;

for z, 20E.S, where 4 is independent of j, 2, 2.

Let ¢ be fixed, 0 <t<a. To prove the theorem it is enough to show that
u?, 9;&C’ on S;. We can suppose that 0 <7 <1 and that 1/7 is not an integer.
We put no= [1/7]—1. We have

B(?)
(7.12) f dS;§Ah’ O< hzES),
o(h,z) lz -
where 4 is independent of &, z; and
B(¢) A
7.13 ff S £ —————— 4 (2, S),
( ) s Iz__g_llg__zoll_m_ s IZ“Zoll—(”+l)’, (Z Zoe )

where 4 is independent of 2, 2, the former for n=0, 1, - - -, 5y, and the
latter for n=n0+41. Since /& C°(S°), we obtain from (7.10),

| [o)%] < | [Bidee| + 4] 5 — 2] @, 3 € S),
where 4 does not depend on j, 2, 2. This gives
[ [o5]e| < 42— 20| (|| <t zES).
Similarly,
| ') | < 42— 2] (| 2] <t zES).

Applying these results, we then get from (7.10), (7.11), (7.13),

27

| bidel s 4]z—2|", |WlLl=4]lz—2" (0 <tz€S9)

if 79>0, and
(7.14) | [oile] 4|z — 20|, || s4|z—2] (|2]|Etz€S),

if no=0. After no+2 steps of this kind we get (7.14) in all cases.

Now consider (7.8) with 2, fixed in |z| <t. If we make use of (7.12) and
(7.14), then by the usual device of breaking S into (%, 2,) and S—oa(h, 20),
we find that v;,(3,) exists and is given by

1
is(a0) = hislee) + f f [pikage (200 €) — Dinegas(zo, £)] [ 1icdSt.
T 8

Again, making use of (7.12) and (7.14), we find that v;, is continuous in Izl
<t. Similar reasoning holds for v;,, %}, %} and the proof is complete.
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ParT II

8. Functions («, B3)-regular. We consider in this part equations of the form
(1.5). Except in Theorem II, we shall suppose that «, 3 satisfy the following
conditions:

(8.1) a, B are real and of class C° on S°. >0 on S°.

(8.2) a, B have continuous, bounded first partial derivatives on S.

Following our work on p-regular functions we introduce for simplicity of
argument

DEFINITION 4. The function F=u+1v is (a, 8)-regular on S if it is of class
C’ on S, and if

(8.3) au, + Buy, = vy, — B+ any = — v,

on S. If F=u+1v is (a, B)-regular on S, then F’ is defined as
X tall?

X (s — tuy) = — (v2 — ivy),
l | x|

F' = 1/2
| x

where x =a—10.
The case 3=0 is the case of p-regular functions considered in GD.
We take m =2 and write
a? + B2 B 1

’ P12 = paa = ——)> P22 = —"*
a a

8.4 pu =

These functions satisfy (3.1), (3.2), (3.3) and, in addition, satisfy
Pupe — ?:z =1 (on S°).

We consider with the equations (8.3) the equations

k k
(8.5) Dikthz = Vjy, Dirthhy = — Vja.

The results of Part I are applicable to (8.5). We observe that F=u+1v is
(e, B)-regular in S if and only if u‘-—u u?=9, v,=v, v= —u is a solution of
(8.5) of class C’ on S.

9. Functions in €. As is the case of p-regular mapping, our results for
equations (1.5) depend upon properties of functions € €. In this connection
we establish

TrEOREM 10. (a) Let {ui} EP. Put

i

Q' = —— [Pty + praiiy + (— 1) (z €S9),

1
(pu)r2
Q=200 = S'puia, = ES).
Then Qi, Q€ € with
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i fu* i P12
. *® - 1 S ’
(9.1) 0= -0 - v = [ (pu)*o] ES)
(9.2) O = 2 (050" + QO8] = — 2BV’ v =€ 9).

(b) Let F=u-+iv be («, B)-regular in S. Put G=xu-+w. Then G and
F'&E with

_ r_ fu* -, P12\ _,
Gy = Xx, Fy = 2 F — 1‘R[?u( Pn) F] (zE€S9).

If for m arbitrary we define Q by Q= 3%p 1 45 %y Wwe can obtain Qx = — 32§ xx V!
-Vu*, under (3.1), (3.2), (3.3), provided { u’} €®P. A difficulty in extending
this material to a generalized Plateau problem of # dimensions lies in the
fact that generally Q does not belong to N(S) [see Definition 5] as for the
case m =2 with pupen—plh=1.

Proof. (a) Suppose first that ;& C”’(S). Denote by v, v, functions cor-
responding to #!, #% Then %/, v;&€C"'(S), and we have

1'

* 1 ’.-: ’
Oh=—20"+ VYo, 4 (— V%" 1.

2pn (1’11)”2
From (8.5) for j=1 we get
V2‘01 = Puy Y1y — Pu( Pn) Uy + Puts Vi + Pu( Pn) ui
pu 11/ = u 11y
From (8.5) we get also 2= —pi1,+puvey, 4= pra¥i.— puves, which gives
Vit = puy u: — pu (1’12) oy + i1z ui+ . (_17_1_2> -
pu P/ = 28 11/ y

Substituting in (9.3) we then get (9.1). Next, the first relation in (9.2) is
obtained directly from Q =22Q'Q? for the C" case. To get the second relation,
we proceed as follows:

2 ik N

Ox =2 [?:‘k*“*u* + 2p(Vu )"2*]

2 j & 2 k

2 iy [P iratis + 207V . |

2 j k ® k

= 2 Gy [Pinathe — 2Pikaths — 2P jiythy]
'YW, k 2 ik

= — 3 UyPirathy = —3 PtV -Vu .

For the general case we can suppose that #/& C%(S¢). We then approxi-
mate to the pi with sequences {p,,,-;,} satisfying ppupan—pie=1, Dni
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EC”(S), and (5.1), (5.2), (5.3). Determining #}, by

{“;} € P (puin), 4n = u’ on S5,

and denoting by v, vse the functions corresponding to u}, %2, we then have

by the C” case
f 0i)ds = i f f 0i.dS
R* R

for every rectangle R lying with R* in S, where (), is defined similarly to Q.
Letting —» we obtain (Theorem 8)

iz =i f fn[— ;S;: 0 — (- l)ii‘R[pu (%)*Qi]] as.

As the integrand on the right here is continuous on S, our result follows for
the general case for Q7. Similar reasoning is applicable for Q.

(b) The part relative to G results from GEC’(S), and differentiation.
To deal with F’ we make use of the fact that #! =u, u2=9, v,=9, v,=—u isa
solution of (8.5) of class C’ on S. For this solution, Q? reduces to 2F’.

10. The class M. In GD we considered functions of class N on S. The
definition used is equivalent to the following.

DEFINITION 5. A function W is of class 9 on S if it is of class € on S, if
Wik exists at each point of S and is continuous on S, and if there is a constant
M such that

| We(2) | = M| W() |

for 2&S.

By means of the properties obtained in GD for functions in 2 and
Theorem 10, certain properties of (a, 8)-regular functions are readily estab-
lished.

THEOREM 11. Let F=u-1v be (o, B)-regular on S. If F is not identically
zero [constant] on S, then for every t, 0<t<a, G=xu-+iv [F'] has at most a
finite number of zeros on I z| <t, each such zero having a determined multiplicity.

Proof. We have G=0 only when F'=0, and F’=0 only when F=const.
Our conclusions then follow from Theorem 4 of GD and Theorem 10(b)
above.

THEOREM 12. Let F be (o, B)-regular in S, and of class C° on S°. If F is
constant on an open arc of S*, then F is constant throughout Se.

Proof. Write F=u-1v. Suppose % =u,, =0 on an open arc of S*. We
apply Theorem 5 [GD] to x(u —uo) +i(v—vq).

THEOREM 13. Let F=u-1 be (af)-regular in S and of class C° on S°,
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Let Z=X+1Y be a constant such that F=Z on S*. Then the number of zeros of
W=x(u—X)+i(v—Y) in S is finite. If N is the total number of these zeros,
each counted according to its multiplicity, then

1
(10.1) N=—[Aamp (F —2)]s
2w

where [A amp (F—Z)]s* is the variation of the amplitude of (F—Z) on S* in the
positive sense.

Proof. The first part of this theorem is a consequence of Theorem 11. Next
we can write

-t O - Z>[1+"—1 il Z]

"2 Y1 F-2z
The second term in the brackets is continuous and less numerically than 1
on S* Hence [A amp W]s*=[A amp (F—Z)]s*. This gives (10.1) (Lemma
4 [GD)).

THEOREM 14. Let F be (a, 3)-regular and not constant on S. Let 20 be a point
in S. Then there is a positive integer n=n(2,), and corresponding to each suffi-
ciently small positive number t, a positive number T=7(t) such that, if 0
< | Z—F (zo)l <7, then there are n and only n points in S satisfying 0 < I z-—ZoI
<t, F(z)=Z. The case n =1 corresponds to the case F’'(z,) #0.

Proof. This proof is word for word the same as the proof of Theorem 19
[GD], if in the latter we replace p by x and p? by |x|2

THEOREM 15. Let {4’} EP, and suppose that J[ui] <+ . If the analytic
function ® corresponding to Q =z*ppisits in the sense of Lemma 1 has the form

z 4+ 3™

z — g™

® = B+ iZ B,

n=1
where By, By, Bs, B; are real constants, and zV, 2@, z® are points on S*, then
either F=u'+1u? is (o, 8)-regular on S, or F=u'—iu? is (a, —B)-regular on S.

Proof. The integral [fs|Q|dS is seen to be finite. Further, QEN(S).
Suppose, if possible, that Q30 on S. Then by Theorem 6 [GD] Q has at
most a simple zero on S. But Q has a zero at =0 of multiplicity at least two.
Hence Q vanishes identically on S. In the notation of Theorem 10(a), we
then have Q'Q?=0 on S. We show that Q! or Q? vanishes identically on S.
Suppose Q'5£0. Then there is a point 2z of S at which Q'50. In the neighbor-
hood of 2o, we then have Q?=0. But Q*€(S). Hence, by Theorem 4 [GD],
0?=0 on S. Now suppose that Q'=0 on S. Then

1 2 2 1 2 2
Puthz + Proths = uy, Pty + Prothy = — Us.
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This gives
1 1 2 1 1 2
an: + Buy = uy, — Buz+ auy = — u..
On the other hand, if Q?=0, we obtain
1 1 2 1 1 2
Uy — Py = — Uy, Buz + auy, = u..

The theorem follows.
11. First mapping theorem for (1.5). We prove now

THEOREM 16. The conclusions of Theorem 1 hold for the case S=D if §=a,
v=—8 and o, B satisfy (8.1) and (8.2).

The proof of this theorem follows closely the proof of Theorem 1 [GD].
In the present case we use the Riemann mapping theorem for the analytic
case to eliminate the condition that T* is rectifiable, as assumed in GD.
We first prove two lemmas.

LeEMMA 3. Suppose that u, w are real, of class C’' on S, and satisfy

ffSIVulﬁdS<+°°, ffs|Vw|2dS<+°°.

Let p, N be of class C' on S and have bounded first partial derivatives on S.
For € real, ¢ on S, put

WO) = (D), wO() = w(gedw),
7o = ©O(F) -V ® (£)dS.
w=[[ PEVHIE) T )

Then the derivative J'(0) exists and is given by
, UpWy
J'(0) = ff [?( - “pwp) N + p(u,ws + uswp),
8

p?

(11.1)
- P¢XV1"V'LU] dSr.

This lemma is a generalization of Lemma 8 [GD].
Proof of Lemma 3. For 0<p<a, ¢ arbitrary, write r=p, 0 =¢+e\(pe®),
C=pe*, z=re?. Then 49 () =u(z), w9 () =w(z), and
PEVHOE) - VO () = p(2) [Vula) - V(@) ][1 + e(0)]
+ [2() = 2(&)][Vu(@) - Vo @) ][1 + ()]
+ f () [wowa/r? — ww, [Ny + p() [wrwo + wow, ]\, }
+ ugws | VNE) [*6(¢) = E1 + Ez + Es + E,,
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say. We note that lE,.[ =4 { IVu(z)l 24 | Vw(z)l 2} , where A does not depend
on ¢, ¢, p. Thus J(e) exists for € sufficiently small. Denoting the integrand on
the right in (11.1) by I({), we have |I(§')| §A|Vu(§')| |V'w(§‘)| where A does
not depend on ¢{. Accordingly, IEL(S). For 0 <t<a, €70 we have

M—ffsl(f)dSr .S_j;‘pdpj;z’r 213%—1(0

+f:pdpﬁ2'{|1(§)| + 2:: }d¢-

For ¢ fixed, the integrand on the right in the first term converges boundedly
to 0 as e—0, on 0<|{| <¢. The superior limit of the second term is no larger
than

dé

E.
€

[[ 1@+ allval +] vllas,
<|{|<a

where 4 is independent of . The relation (11.1) then follows.

LEMMA 4. Let {ui} EP, and suppose that J[ui]<+ . Put Q=U-+iV
=352 ityWy. Under the hypotheses of Lemma 3 for N we have

ik
u u 3 . . .
f f [1’1'"( ¢2¢ - “:“’:) A + Pik(u;“: + u;“:))\p - I’ikﬁ\v""vuk] a5
s p
(11.2) .
= — lim — A\Vds.

—a b Jp|=t

Proof of Lemma 4. Denote by I({) the integrand in the integral on the
left. Then I€L(S), and the lemma will be proved if we can show that

1

(11.3) ff I(Q)dS; = — — AVds; 0<t<a).

Ig1<t tJ gt
Suppose first that p;: € C”'(S). We calculate U, V to obtain

U = par' (s — wpie/7), V= — piur Vus' - Vu" 0 <|z| < a.

Now

3 1 (1

Ok = ——[Ur——— Vo + t(— Us + Vr):l
r r r

2 .
= — z’[——-(pm - iﬁk—o Vu"-Vu"] 0<|z| <o),
r r

whence
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1
(11.4) — Ug+ V, = rpineVui-Vuk (0 <|z| <a).
r

Thus

U |4 .
[f s [ [-Zn= Do puavursu]as
1<t i<t p? P

1
= — — AVds
1$]=¢

A
+ff [ + V, — ppirgVui-Vu ] aS;.
121t P

From (11.4) we then obtain (11.3) for the C”’ case. By approximation, (11.3)
then follows for the C’ case. This completes the proof.

Proof of Theorem 16. We can suppose that the 2 [Z™] are arranged in
positive order on S*[T*], with g =ge#™, 0=<9MD <h® <I® <27r. We put
0@® =W 427, By the Riemann mapping theorem for the analytic case there
exists a function w=w'!+1iw? which is analytic in S, continuous on S°, and
which maps S¢ onto 7% in a 1:1 manner with S, S*, 2™ corresponding to
T, T*, Z®, For w we have in particular the following three properties:

(11.5) w(ae?™) = Zm (n=1,2,3),
(11.6) ff |Vw1|2dS=ff | Vo? [2dS = meas (T) < + o,

S S
11.7) [Aamp (w — 2)]s* = 27if ZE T, 0if Z E comp T

We denote by A the class of functions b(8) having the following properties:

(11.8) b(e™) = o™ (n=1,234),
(11.9) b6 + 27) = b(6) + 2r (all ),
(11.10) b(6) is continuous and nondecreasing on (— «, 4+ ©).

Let 6&A. Corresponding to b there are functions u!, u? satisfying
(11.11) {ui} € Pe, and wi(ae®) = wi(ae®®) (all 9).

We put R[b]=J[u]. The proof of our theorem depends upon minimizing R
in A.

We observe first that the lower bound R, for R[b] for bEA is finite. In-
deed, we need only take 5(0) =0. For the corresponding u!, u? we have

J[wi] £ J[wi] < Asz {| Vo2 + | Vo2 |2}dS = 24, meas T < + .
8
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We observe next that there exists a member b of A for which R[b]=R,.
In fact, using Helly's theorem we can select a convergent sequence {b,.} of
members of A such that

R[b.] < + ©»,  R[b,] = Rq.

Put () =lim b,(6). Then b(8) satisfies (11.8), (11.9), and (11.10), except
possibly for the continuity condition. Using Fatou’s theorem and Theorem 7
we get

2x 2 | w(aed®) — w(aed®) |2 8w
(11.12) f dolf - ddy = — Ry < + .
0 0 sin? %(01 - 02) A,

Should b have a discontinuity at 8y, say, then at 6y, b would have left-hand
and right-hand limits b_ and b, satisfying 0<b,—b_<2m. It would then
follow that the integral on the left in (11.12) would have the value + «,
contrary to (11.12). We thus have b&A. By Theorem 5 and Fatou’s lemma
we have also R[b]<lim R[b,]=Rq. Accordingly, R[b]=R,.

Now fix b such that bEA, R[b]=R,, and denote by u!, u? the functions
determined by b. Fix & so that

1
0<h< ?min (@, |2 — 2|, | 2@ — z® |, | 3® — z® ),

Fix Y(x) as a real function of class C’ on 0 <x <+ « such that ¥(x) =0 for
0=<x=h, Y(x)=1 for 3k<x. Put ¥®™(z)=1—y(|z—2™|). Then ¥™ is of
class C’ in the plane. Put

Q=U+iV =3ppaiy, B, = lim YWV ds;.
t—a 1$]=¢
Then B, is real. Let 2, (fixed for the moment) be such that | 2| <k. Put

3 (n)
Ne) = A 50) = R(:f:)w 1) = Zwwer (o).

2™ — g,

Then N is the class C’ in the plane and vanishes at z=2z®™. Put 5% (6)
=b(0+e\(ae®)). For e sufficiently small, |e| <€, say, b@ satisfies (11.8),
(11.9), (11.10). Put 19({) = ul({eir @), 42 (¢) = u2({eir®), for lel <e€. From
R[b]=Rs, Ro=R[p®], and Theorem 6 we get J[u®@]=R[b®]=R[b]
=J[u?]. It follows that the derivative [dJ[ui(®]/de].o, if it exists, must
be zero. From J[#?] <+ «, and Lemma 3 we find that this derivative exists
and is given by the left-hand member of (11.2). We infer then from Lemma 4
that

1
lim — AVds = 0.

t»a 1 J 1=t
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This gives
1 3 (n)
im— [ ®(2 “) v = ZB,.R(Z—iﬂ)
1

toa 2wt |f|mt — 20 z(M — 2,

If, then, ® denotes the analytic function corresponding to Q in the sense of
Lemma 1, we have
S 2™ 4 24
®(z) = Bo+ i, B (——)
1 z(™M — 3z,
where By, B;, Bs, B; are real constants. This result holds for Izol <h. By
analyticity we then have

z(® 4 z)

2™ — g

¢(Z) = Bo+ iza: Bn(

for z unrestricted. Applying Theorem 15, we then find that either F=u!+41u?
is (o, B)-regular in S, or F=u!—iu? is (o,—(8)-regular in S. These functions
EC(S°). Let Zo=Xo+1Y,be a point not on T*, Then F=Zyand F#Z,0n S*,
Let N(Z,) be the number of zeros of x(#!—X,)+i(u2— Y,) or of x(ut —X,)
—1i(u?—Y,) on S, according as to whether Fis (e, 8)-regular or F is (o, —f3)-
regular on S. We have

(11.13) [a amp (F = Zo)]sr = [A amp (@ — Z0)]s,

(11.14) [a amp (F — Zo)]s» = — [A amp (0 — Zo) ]s~.

Suppose, if possible, that F is (e, —B)-regular on S. From (11.14) and
Theorem 13 we get, if Zo& T, N(Z,) = —1. It follows that F is («, 8)-regular
on S. From (11.13) we have also N(Z,)=1if Z,ET, and N(Z,) =0 if Z,

&comp T%, for F.
We may summarize our results for F so far as follows:

(11.15) F = u' + iu?is (a, B)-regular in S. F € C%(S°).

(11.16) F(ae®) = w(b(9)), all 6. F(S) C T-.

(11.17) Every pointof T'is theimage of exactly one point on S under Z = F(z2).
(11.18) F(zw) = Zm (n =1, 2, 3).

Reasoning as in the proof of Theorem 1 [GD] with Theorems 12 and 14
replacing Theorems 17 [GD] and 19 [GD], we get F(S)CT, F'>0 on S,
and the result that Z = F(2) maps S* onto T* in a 1:1 manner. Taking =4,
v=u? and noting that u.v,—u,w,=a|Vu!|2=|F'|2>0, we get the conclu-
sions of our theorem.

12. Lightening of conditions. As our final result on equations (1.5) spe-
cifically we obtain Theorem I for the special case D=3S, d=a, y= —8. This
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result depends upon a theorem of Morrey [10, p. 136].
THEOREM 1I. The conclusions of Theorem 1 hold if D=S, é=a, v=—0.
It is convenient to first prove

LEMMA 5. Let the functions F=u+iv, Fo=u,+v, «, B, on, Pa
(n=1, 2, - - - ) satisfy the following conditions.

(12.1) e, B, an, Bn satisfy (8.1) and (8.2).

(12.2) a,—a, B.—B uniformly on Se.

(12.3) @nz—0tz, Ony—0ty, Brnz—B 2, Bny—By boundedly on S.

(12.4) F, is (an, Bn)-regular on S and continuous on Se.

(12.5) F,—F on S, the convergence being uniform on S*.

Then F is (a, B)-regular on S.

Proof of Lemma 5. Define p,;; in terms of a,, 8. by (8.4). Put u,=u,,
1 H k k
UL =0,, Vp1=Un, Vo= —Un. Then ul, 42, vn1, Va2 satisfy Pujsth, ="0Vnjy, Pnjstin
= —9,j; on S. Determine %!, #? by {u’} EP¢, u;=u on S*, u?=v on S*. Then
by Theorem 5 we have w,—u?, ul,—ul, u},—u) on S. From v, =1, #se= —u,,
we then get 9,1,—%2, vn2,——u). Thus puus =12, puus= —u; on S. On the
other hand, as a consequence of (12.5) and #}—u we get u=u!, v=u2 We

then have %, v&C' on S and

2 2
a4+ B B B
— Uy — — Dy = Ty, —— U+ —v,= — uy (on S).
a a _ a a

These give au,+puy,=v,, —Bu,+ou,= —v,; and the lemma follows.

Proof of Theorem II. Let ¢ be fixed, 0 <¢<a. Select arbitrarily a sequence
of numbers 0<a;<a;< - - -, a,—1. Put a,(3) =a(a.2), B.(2) =B(a.3). Then
oy, Br satisfy (8.1) and (8.2) for each n. Denote by u,, v, the mapping func-
tions determined by Theorem 16. Then the members of the family of trans-
formations I'y: X =u.,(x, ¥), Y =v,(x, ¥) have the following properties: (i) I'»
carries the Jordan domain S, plus boundary S*, in a 1:1 and continuous
manner into the Jordan domain T, plus boundary T* with S, S* z™
(m=1, 2, 3) corresponding to T, T*, Z; (ii) T, is of class C’ on S; (iii)
| Vitn| 24 | V0n| 2 < A (4ns¥ny — thnypas) on S, where A does not depend on 7 or .
It follows then [10, p. 136] that the u,, v, are equicontinuous on S¢, and that
if x=U,(X, Y), y=V.(X, Y) denote the inverse of I',, then the U,, V, are
equicontinuous on T*. As the sequences #%,, v,, U,, V, are uniformly bounded
on S¢ and T, there results that we can select integers /; << - - + such that
{ur,}, {v1,}, { U}, { V1, } are uniformly convergent on S¢, T%. Put » =lim #,,,
y=Ilim v;,. We see that X =u(x, y), Y=uv(x, y) isa 1:1 and continuous map-
ping of S¢into T* with S, S*, 2™ corresponding to T, T*, Z™, Further if ¢ is
fixed, 0 <t<a, then a, 3, s, Bn, Fo=1u;+1v,, F=u-14v satisfy the conditions of
Lemma 35 relative to |z| =<t. It follows that F is (a, §)-regular in |zl <t, and
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accordingly in S. From .9, —u,9, =a(u2+uZ) we get u,v,—u,w,=0. By Theo-
rem 14, the equality cannot hold. Theorem II is then proved.

Parr 111

13. Mapping for (1.6). In this part we consider the equations (1.6) and
(1.1). Basing our proof on the work of Morrey, we first establish the following
theorem for the equations (1.6).

THEOREM I11. The conclusions of Theorem 1 hold for the case T =S, and
B=v,ad—B%=1o0n D.

Proof. Under our hypotheses, the functions «, 8, § are bounded and
measurable on D. From 0<a and ad—fB2=1 it follows from the work of
Morrey [10, in particular Theorem 3, p. 141 and Theorem 4, p. 143] that
there exists a pair of functions u(x, ¥), v(x, y) for which the following are true:

(13.1) The transformation I': X =u(x, y), Y=v(x, y) carries D¢ into S°
in a 1:1 manner, with D, D*, 3 corresponding to S, S*, Z™,

(13.2) u,vare A.C.T.on D, and | V|2, | Vv|? are integrable . over closed
subsets of D.

(13.3) U, V, where x=U(X, Y), y=V(X, Y) is the inverse I'"! of T,
are A.C.T.on S.

(13.4) UxVy — UyVx # 0 p.p. on S.

(13.5) If A is a measurable subset of S, then I'"1(A) is measurable and
meas P_I(A) =ffA(Ux Vy— Uny)dS.

(13.6) If 0<t<a, then there corresponds to ¢ positive numbers 4 =A4(¢),
r=7(t) such that | U(Z) — U(Zo)| SA|Z—Zo|", | V(Z) - V(Zo)| SA|Z—Z|"
for | Z|, | Zo| st.

(13.7) If w(x, y) is A.C.T. on D, |Vw] 2 on measurable subsets of D,
and if W=w(U, V), then Wis A.C.T. on S and

Wx = w,Ux + w,Vx, Wy = w.Uy + w,Vy  (p.p. on S).

(13.8) aty + Buy, = vy, B, + du, = — v, (p.p. on D).

We prove on the basis of our assumptions on «, 3, 8, and the properties
enumerated above for «, v, U, V that 4, v&C’(D) and that #,v,—u,v,>0o0n D.
These with (13.1) and (13.8) will complete the proof.

Taking w=u(x, y) and w=v(x, ¥), and applying (13.2), (13.4), (13.7), and
(13.8), we get

(13.9) pUx + qUy = Vy, —qUx+ pUyr = — Vx
p.p. in S, where p(X, Y)=1/a(U, V), g=8/a. From (13.9) we obtain

(13.10) ?,'kU)’; = Vv, ?ijIkr = —-Vix (p.p. on D),
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where U'=U, U=V, V1=V, Vo=—U and

P»+¢ q 1

(13.11)  pu = =90, pu=pun=——=—§8 pn= »

= a.

The functions U, V are A.C.T. on S [(13.3)]. In addition, since a, B8, &
€C'(S), the pjr are A.C.T. on S [(13.7) and (13.11)]. Thus, from (13.10)
and pups—pl=1o0n S we see that Ui, V; satisfy the conditions of Theorem 9,
except possibly for (7.4). To show that (7.4) holds, let ¢ be fixed, 0 <t<a.
Put S;=0(, 0). On the closed subset I'"1(S;) of D, we have IVaI’, |Vﬁl2,
| V8|2, &, 8 <A4 where 4 is independent of z. Using (13.7), (13.9), and (13.11),
we obtain
| Voul2 < | Vs [2(| VU2 + | VW |?) = | V8 |%(a + 8)(UxVy — UrVx)
= A(UxVy — UyVx)

p.p. in S;, where A does not depend on Z. This with (13.5) gives for Z, on S}

S twlaspsarf[ vl
o (h,Zo)St° o (h,Zy)-S¢°

< Ap? f f (UxVy — UrVx)dS
o (h,Zg) St

< AK" meas T [(o(h, Zo)-SD],
where A does not depend on % or Z,. Now, by (13.6), we have
meas T (o(k, Zo)-S}) < A"
where 7=7(t), and 4 is independent of Z,, |Zo| =<t. We find then

(13.12) ff | Vou | dS < Al (|2Z,] =40 < b,
o (h,Zg)S¢°

where A does not depend on & or Zy. In similar manner we find that py,, pa
satisfy (13.12). Thus (7.4) is satisfied. It then follows from Theorem 9 that
U, VEC’ on S. But now with U, V&€’ on S, we have p, ¢&C’(S). Hence
using Theorem 14 and (13.9) we find that UxVy— Uy Vx>0 on S. We con-
clude that %, v&C’(D) and %,v,—u,v,>0 in D, which completes the proof.

14. Proof of Theorem I. On the basis of Theorems II and III, we can
prove Theorem I without difficulty. Under the hypotheses of Theorem I, put
K= [ad—(B+7)2/4]V2 Let O, ¢®, ¢® be distinct points on S*, similar in
order to 2V, ¥, 2 on D*. We first consider the equations

+ ty b
u£v=nm ufz"'_gu:_ﬂz‘

a
14.1 —&;
( ) KE + 2K 2K K
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The coefficients in these equations satisfy the conditions prescribed in Theo-
rem III in D. Hence there is a mapping £ =£(x, ¥), n=7(x, ¥), with inverse
x=x(& 1), y=y(, n), of D¢ into S, satisfying the conclusions of that theorem
with reference to ¢, {®, ¢® and the equations (14.1). We next consider the
equations

g—7 vy—8

(14.2) KX; + X, =7, X+ KX, = - V¢

where the coefficients are evaluated at x =x(£, 1), y =v(¢, 7). The coefficients
here satisfy the conditions prescribed in Theorem II in S. Let X=X(¢, 7),
Y=Y( 7) be a mapping from S¢ into T* satisfying the conclusions of

Theorem II with reference to {©, {®, ¢® and the equations (14.2). We find
then that

u(xr y) = X(E(xr 3’): ﬂ(x: y)); (%, J’) = V(¢ 7’)

give the mapping whose existence was asserted in Theorem 1.
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